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LIFTING PROBLEM OF
THE MEASURE ALGEBRA

BY
SAHARON SHELAH'

ABSTRACT

We prove the consistency of “%/1,,, does not split” (see Notation). We write the
proof so that with the standard duality, also the consistency of “%/I,, does not
split” (i.e., replacing measure zero by first category, random by generic, etc.) is
proved. The method is the oracle chain condition.

NoTATION. Let @B be the family of Borel subsets of (0, 1). Every Borel se
C (0,1) has a definition ¢ (in the propositional calculus L., ..), i.e., it acts on the
proportional variables “n € r”. We let A = Bo[¢] be the Borel set correspond
ing to this definition. Notice that the answer to ‘“‘r € Bo[¢]” is absolute.

If in V, BE %, and V[G] is a generic extension of V, then let B1°! be the
unique B, such that for some ¢, V= *“B =Bo(¢)”.

Let I.., be the family of A € & of measure zero and I, be the family of A €
which are of the first category. If a, b are reals, 0=a, b =1, let

(a,b)={x:a<x<borb<x<a}l

[a, b] is defined similarly. Let L., [ I] be the family of A C (0, 1) of measure zerc
[of the first category].

DeriNTioN.  If B is a Boolean algebra, I an ideal, we say that B/I splits i
there is a homomorphism h : B/I — B such that h(x/I)/I = x/I Equivalentl
there is a homomorphism h : B— B with kernel I, h(x)= x mod I.

THEOREM. It is consistent with ZFC that B/R N I,,, does not split (if ZFC .
consistent).
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ReMArks. (1) If CH holds then %/I., splits (see Oxtoby [2]); in fact this
holds for any N;-complete ideal.
(2) Note that %B/I,.. has a natural set of representatives:

h"‘(X)={a ER:1=Iti_rB [m(XN(a—-¢,a +s))/2|£|]}

where m(X) is the Lebesgue measure (of a set of reals).

Now for X € B, h"(X)E B and h"(X)= X mod I,. (see Oxtoby [2]).

(3) Note also that B + I./I., splits where 3B + I, is the Boolean algebra
generated by B and I..... A function exemplifying it can be defined as follows: for
each real r let E, be an ultrafilter on (0,1) such that if A C(0,1) and
1=1lim._o[m(A N(r—&,r+¢))2|e|],then A € X and forevery X € B + I,

h(X)={r:X€E,re(,1).
Clearly h(X)= h™(x)mod I., hence h(X)= X mod I,.

PROOF OF THE THEOREM. By [3] §2 (better represented in [4] IV, §1, §2, §3)
the following lemma suffices (we use the notation from there):

MAIN LEMMA. Let M be an N,-oracle (so CH and even Ou, hold) and h a
homomorphism from B to B with kernel I..,, such that h(X) = X mod I, for every
XE %R

Then there is a forcing P satisfying the M-chain condition, and a P-name X (of
a Borel set) such that for every G C P X Q generic over V (where Q is Cohen
forcing) there is no Borel set A in V[G] satisfying:

(a) A = X[G]modI,, in V[G],

(B) for every B € B, if BVI°'C X[G]mod I, then h(B)"'°'C A,

(y) foreveryBE RBY, if BV'IN X[G] =@ mod I, then h(B)"'°'N A = .

ProoF OF THE MAIN LEMMA.  Let, in this proof, Se denote the set of sequences
a ={a; 1 i = w) such that the sequence is monotonic, a,# a..,, for i <w, a, is
rational, but a, is irrational, and (a, : i < w) converge to a.,.

STAGE A — DEFINITION. Let P =P({(G“ :a <)) where B = w,, a* €Se, a2
pairwise distinct, denote the following forcing notion: p € P iff the following
three conditions hold:

(@) p =(U,,f,), where U, is an open subset of (0,1), cl(U, ) of measure < 1/2,
and f, is a function from U, to {0, 1};

(b) there are n, b, I, such that 0=by<b,<---<b,,<b,=1and U, =
U?Z L, I an open subset of (b, bi.,), and even cl(L;) C (by, bi.1).
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(¢) 1 is either a rational interval, f, | I constant, or I, is, for some o < and
n(1) <o, Unizmeo (@5ms @3ms1)s fo 1 (@5mszk; A3mezesr) is constantly k when
n(y=2m +k, m <o, k€{0,1}.

The orderon P is: p=gq iff U, CU,, f, Cf,, and c(U,)N U, = U,.

Last we let Xr = U{(a,b):(a,b) a rational interval C(0,1) and for some
pEGs, (a,b)C U, and f, [(a, b) is constantly zero}.

STAGE B. We will define here a statement, in the next stage prove that it
suffices to prove the main lemma, and later we shall prove it.

(St). Let P, =P(a":a <8)), § <w, be given, as well as a countable M;,
P; € M;, a condition (p*,q*) € P; X Q and a (Ps X Q)-name ¢ of a definition of
a Borel set (this is a candidate for h(Xr)). -

Then we can find a° €Se such that, letting Ps.; = P((@“ :a =§6)), the
following conditions hold:

(A) Every predense subset of P, which belongs to M; is a predense subset of
Ps., (note that as M; is quite closed this implies the same for (P; X Q, Ps., X Q)).

(B) There is (p’,r')€ Ps,. X Q, such that (p*,r*)=(p’,r’) and one of the
following hold, for some n:

(BL) (p',r)rsmso “al€Bo[¢], and U,cnew (@lmiz, @om) N X =D
and a3€ (U, cnew (@ims, @mss));
or
(B2) (p',r)texo “a’ & Bo(¢) and for U, .o (@3m, aima)C X" and
02€ h(Upcmen (@3, @let)).

Stace C. It is enough to prove the statement (St).

Remember that if (p’, r') 550 “a’ € Bo(¢)” then this continues to hold if
we replace P;., by any forcing notion P, P, _(:;v P, provided that some countably
many maximal antichains of Ps,, remain maximal antichains of P. So it is no
problem to prove the main lemma.

So from now on we concentrate on the proof of (St).

STAGE D — CHOOSING @°.  So let Ps, {(@" : a <8), ¢, Ms be given, choose A
big enough (i.e. A =37), N an elementary submodel of (H(A ), €) to which P,
(@*:a <8), ¢, Ms, h belong, which is countable.

Choose a real a?, which belongs to (0,1) — cl(U,.) but does not belong to any
Borel set of measure zero which belongs to N. This is possible as by demand (a,
in the definition of P({(@* : a@ < §)), cl(U,-) has measure <1/2. So (0,1) —cl(U,-,



Vol. 45, 1983 MEASURE ALGEBRA 93

has positive measure, whereas the union of all measure zero Borel sets in N is a
countable union hence has measure zero. So al is a random real over N and
Nla?]is a model of enough set theory: ZF~ + “P*(w) exists” (where P (A)is the
power set, P"*(A) = P(P"(A))) (those facts are now well known; see Jech [1]).

Clearly a’€ h((0,a2)) or a€ h((al,1)), so w.l.o.g. the former occurs. It is
also clear that for every £ >0, aE€ h((al—¢,al)). [Otherwise, choose a
rational b, al—& <b <al, then ai&h((al—¢,al)) > al€h(0,b). Hence
a’€h(0,b)—(0,b), but this set has measure zero (by the properties of h) and
obviously belong to N.]

Now let (b, :n <w) € Nfal] be a strictly increasing sequence of rationals
converging to aZ. Now in N[a’] we define a forcing notion R (the well-known
dominating function forcing):

R ={(f,g): f afunction from some n < w to o, satisfying
(Vi<n)f(i)>i; and g is a function from o to w}.

The order is

)=, g)iffCf,(Vg(l)=g'(l) and
(Vi)[i EDomf' A iZDomf = (i) = g(i)].

Let f* be R-generic over N, so it is known that a finite change does not alter
this property. We shall work for a while in the model N[al][f*]. We define (in
this model) a sequence of natural numbers (n(l):! < w), defining n(l) by
induction on [ Let n(0)=0, and n(l +1)= f*(n(l)). Now we define for m <4
and k <w a set Af,. : Afn = ngkw (bn(41+m), b,.(4,+m+1))-

So A% (m=0,1,2,3) is a partition of (b, @2), hence for some unique m(*),
a’ € h(Ahe). (Note that A% € N[al][f*], but h | N[al][f*] does not necessar-
ily belong to this model, so we determine m(*) in V.) As we could have made a
finite change in f* (replacing f*(0) by f*(n(m(*)))) we can assume a’ € Ajg.

As al€h((ai— ¢, al))for every ¢, and as h is a homomorphism, a2 € h(A§)
for every k.

As a first try let us choose a® = (b,o: Il < w)™(al).

Stace E — ConbITioN (A) OF (St).

SuBcLAIM. Every predense subset § of Ps which belongs to M; is a maximal
antichain of Ps.,.

PROOF OF THE SUBCLAIM. Let p € P;.., p& Ps, so by Ps..’s definition there are
q € P; and rational numbers co, ¢; and a natural number [(0) such that



94 S. SHELAH Isr. J. Math.

0<c< af,< <1, ¢ < bn(4’(0)), Co> bn(41(o))~1,
Cl(U,,) N [Co, (,‘1] =0, U,=U,U AOY AL o= fq U OA(I](O) Ulaso.
(04 is the function with domain A which has constant value 0; similarly 1..)

Facr. Let reP;, $ CPs be dense, (co,¢c;)C(0,1) be an open interval
disjoint to U,. Then

C ={x E(cy,c1): thereisn € &, r,=r, x&cl(U,)}
has measure |c, — col.

ProoF OF THE Fact.  The conclusion is equivalent to “(¢o, ¢;) — C has measure
zero”, so we can partition (¢, ¢,) into finitely many intervals and prove the
conclusion for each of them. So w.l.o.g. the measure of (co, ¢,) is <1/2. Now for
every ¢ >0 we can find ro, r =1, € Ps, U, N (co,¢,) = and U, has measure
= 1/2 — ¢ (but of course <1/2). As # C P; is dense, there is ., € §, ro=r, E P;.
So (ignoring the sets cl(U,)— U,, I =0,2 which have measure zero)

(i) (co,c1)— U,C C (by C’s definition);

@) (co,c)NU,CcU,—-U,.

Hence
(iil) m((co,c1)— C)=m((co,c)NUY)=m(U,— U )= m(U,)— m(U,)
=12-(12-¢)==s.
As this holds for every £ we finish the proof of the fact.

CONTINUATION OF THE PROOF OF THE SUBCLAIM. Let ¢, ={r € P; : (3q. € ¥)
(g: = r)}. Now for every k > n(4i(0)) let

T. ={t: t EPs, U, is the union of finitely many intervals whose
endpoints are from {b; : n(41(0))= 1<k} and m(U, U U,) <
1/2}.

So T, is finite, and for every t €E Ty, g = q Ut € P;, and a’ & cl(U,). Now in
the model N we can define, for each k, t € T,
D, ={x €(0,1): thereisr € Fi,r=q Ut x&cl(U,)}.
By the fact we have proved, we know that (0,1)— D, — U, has measure zero

(note, cl(U,)— U, has measure zero). As a2 € (0,1)~ U, and a2 does not belong
to any Borel set of measure zero which belongs to N, clearly,

(*) forevery k = n(4l(0))andt € Ty, at € D..
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So for each kZn(4l(0)) and t €T, there is r.CPs, . € ¥ such that
a’ & cl(U,). Hence for some g(t) < w, [byw,al] Ncl(U,)= and (ai— b)) <
1/2— m(U,). As T is finite, we can define g : w ~> w, g(k) =Max{g(t):t € T..}.
Clearly g € N[a:]. Hence for every large enough /, g(I) < f*(I) (see Stage D for
f*’s definition). So for every large enough I, g(n(1))< n(l +1). Choose large
enough [, let k =n(4)+1, U, = U, [ [Bacwioy, &}, f =, 1 Ui, t =(U, f) and it
belongs to T,. Now r,, p are compatible, so we finish the proof of the subclaim.

This really proves part (A) of (St).

StaGe F — ConprtioN (B) oF (St).  Remember ¢ is a Ps X Q-name of a Borel
set, so it is also a P;., X Q-name. Now let

pY=(U,-UAEUAL f,-U0ax Ulax).

Clearly for k large enough pT € Ps,,, 50 pT € N[al]lf*]and (pT,q*)=(p*, q*),
so there is (p',r')=(pt,q*) forcing an answer to “ajs€ Bo[¢]”,
(', )0 “al€Bo[¢]” or (p, 1) hrrxg “ai € Bo[¢]”. If the second pos-
sibility holds, then (B2) holds so condition (B) of (St) holds (remember we have
made a’ € h(A§{) for every k in stage D).

So suppose (p', r) s x5 “a’€ Bo[¢ . Observe that the truth value of such
a statement can be computed in N[a ,.,] [f*] (i.e., we get the same result in the
universe and in this countable model). But f* is R-generic over Na’}. So if
something holds, then there is (fs, go) € R such that:

(@) (o go)r “(7', ") b0 “a € Bo[ ¢ ],

B) foCf*, (Vi<w)[iZDomfo = gu(i)=f*(i)]-
(Note the definition of P;., depends on f*.)

So if we can change f* in finitely many places, maintaining (B), it will still be
true that (p’,r) s %0 “aiEBo[g]”. But we can do it in such a way that for
some k,

Af=AL  As=A)

so now (B1) will hold.

In any case (B) of (St) holds, hence we finish the proof of (St), hence we finish
the proof of the main lemma and of the theorem.
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