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LIFTING PROBLEM OF 
THE MEASURE ALGEBRA 

BY 

SAHARON SHELAH* 

ABSTRACT 

We prove the consistency of "'~/Im2 does not split" (see Notation). We write the 
proof so that with the standard duality, also the consistency of "~/I,~ does not 
split" (i.e., replacing measure zero by first category, random by generic, etc.) is 
proved. The method is the oracle chain condition. 

NOTATION. Le t  ~ be  the family  of Bore l  subsets  of (0, 1). E v e r y  Bore l  se 

C_ (0,1) has a definit ion tk (in the propos i t ional  calculus L~,.~), i.e., it acts on the 

p ropor t iona l  var iables  " n  E r " .  We  let A = Bo[~b] be the Bore l  set  co r r e spond  

ing to this definition. Not ice  that  the answer  to " r  E Bo[~b]" is absolute .  

If in V, B E ~ ,  and V[G] is a generic  extens ion of V, then let B ViOl be  th~ 

unique B1 such that  for  some  th, V ~ " B  = Bo(~b)". 

Le t  Imz be the family of A E ~ of measu re  zero and Lc be the family of  A E ~ 

which are  of the first ca tegory.  If a, b are reals, 0 =< a, b -<_ 1, let 

(a ,b)={x :a < x  <b  or  b < x  < a } .  

[a, b] is def ined similarly. Le t  I ' z  [I~c] be  the family of A C (0, 1) of measu re  zer~ 

[of the first category] .  

DEFINmON. If B is a Boo lean  algebra,  I an ideal, we say that  B / I  splits i 

there  is a h o m o m o r p h i s m  h : B/I--~ B such that  h(x/ I ) / I  = x/L Equivalent l '  

there  is a h o m o m o r p h i s m  h : B ~ B with k e r n e l / ,  h (x)  = x m o d / .  

THEOREM. It is consistent with Z F C  that ~J/~ fq I~  does not split (if Z F C ,  

consistent). 
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REMARKS. (1) If CH holds then 33/Imz splits (see Oxtoby [2]); in fact this 

holds for any al,-complete ideal. 
(2) Note that ~/I~z has a natural set of representatives: 

hm(X) = / a  E R :  l = l i m  [ m ( X n ( a - e , a  +e))/2le []/ 
t t ~ 0  J 

where re(X) is the Lebesgue measure (of a set of reals). 

Now for X E ~,  h re(X)E ~ and h " ( X ) =  X rood Imz (see Oxtoby [2]). 

(3) Note also that ~ + I ' / I ' ~  splits where ~ + I-- is the Boolean algebra 

generated by ~ and Im'z. A function exemplifying it can be defined as follows: for 

each real r let 17, be an ultrafilter on (0,1) such that if A C(0,1) and 

1 = lim.~o[m (A n (r - e, r + e))/21 e 1], then A ~ X and for every X ~ ~d + I,~ 

h (X) = {r : X E E,, r E (0, 1)}. 

Clearly h (X) = h m (x) mod Imz hence h (X) = X mod Imz. 

PROOF OF THE THEOREm. By [3] w (better represented in [4] IV, w w w 

the following lemma suffices (we use the notation from there): 

MAIN LEMMA. Let 1Q be an ~roracle (so CH and even 0 , ,  hold) and h a 
homomorphism from ~ to ~ with kernel Imz, such that h (X) = X mod I~  for every 
X E ~ .  

Then there is a forcing P satisfying the ~l-chain condition, and a P-name ~ (of 
a Borel set) such that for every G C P x Q generic over V (where Q is Cohen 
forcing) there is no Borel set A in V[G] satisfying: 

(or) A = ,~[G] mod Imz in V[G], 
(~) for every B E ~ v, if BVJ~JC_~5~[G]modlm~ then h(B)Vt~JC_A, 
(~) for every B E ~ v, i fB vloj n 2~[G] = ~ mod Imz then h (B) vIiI N A = O. 

PROOF OF THE MAre LEMMA. Let, in this proof, Se denote the set of sequences 

= (a~:i <-to) such that the sequence is monotonic, a ,~  a,+,, for i < to, a, is 

rational, but a .  is irrational, and (a, : i < to) converge to a~,. 

STAGE A - -  DEFINITION. Let P = P((ti ~ : a < fl)) where/3 -- to,, ti" U Se, a~ 

pairwise distinct, denote the following forcing notion: p ~ P iff the following 

three conditions hold: 

(a) p = (Up,/e), where Up is an open subset of (0, 1), cl(Up) of measure < 1/2, 

and fp is a function from Up to {0, 1}; 

(b) there are n, b,, L such that 0 =  b 0 < b , < " "  < b , _ , < b ,  = 1 and Up = 

U , ~  It, It an open subset of (b~, b,+,), and even cl(It) _C (bt, b,+0. 
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(c) It is either a rational interval, fp ~ I constant, or L is, for some a </3 and 
n( / )<~0,  U.(0<__ . . . .  /a~ a ~ ~ ~ 2m, 2,~+11, fpI(a4m+zk, a,,,+2k+l) is constantly k when 
n(l)<=2m + k, m <~o, k E{0,1}. 

The order  on P is: p _-<q iff Up C_ Uq, fp C_fq, and cI(Up) rl Uq = Up. 
Last we let ~P = U { ( a , b ) :  (a,b) a rational interval C(0 ,1)  and for some 

p E Gp, (a, b) C_ Up and fp [ (a, b) is constantly zero}. 

STAGE B. We will define here a statement, in the next stage prove that it 

suffices to prove the main lemma, and later we shall prove it. 

(St). Let Ps = P( (a  ~ : a < ~)), 8 < ~o~, be given, as well as a countable Ms, 

Ps E Ms, a condition (p*, q *) E Ps x O and a (Ps x O)-name ~ of a definition of 

a Borel set (this is a candidate for h(2~P)). 

Then we can find d ~ E S e  such that, letting P~+a=P((d~:a<-6)), the 

following conditions hold: 

(A) Every predense subset of Ps which belongs to Ms is a predense subset of 

Ps§ (note that as Ms is quite closed this implies the same for (P~ x O, Ps+~ x O)). 

(B) There is (p',r')EPs+txO, such that (p*,r*)<=(p',r ') and one of the 

following hold, for some n: 

(B1) (p',r')l~rTz-o"a~-Bo[6], and U . . . . .  s (a,,.+2, a 4~,.+3) n ,~ = O "  
a ~ and a ~ E h ( U  . . . . .  ( ~m+2, a4~,,§ 

o r  

(B2) . . . .  s . . . . .  ( p , r ) ~  a ~ , ~ B o ( r  and for U s s ,, (a,m, a4m+,)_C ~ and 
a ~  h(  U . . . . .  (a~m, a 4",, +~)). 

STAGE C. It is enough to prove the statement (St). 

Remember  that if (p', r ' ) I ~  "a~  ~ Bo(~b )" then this continues to hold if 

we replace Ps+~ by any forcing notion P, Ps§ C_ P, provided that some countably 

many maximal antichains of Ps+l remain maximal antichains of P. So it is no 

problem to prove the main lemma. 

So from now on we concentrate on the proof of (St). 

STAGE D - -  CHOOSING ~s. So let Ps, (~i ~ : a < 8), $ ,  Ms be given, choose h 

big enough (i.e. h = a~), N an elementary submodel of (H(A), E ) to which Ps, 

(de : a  < 8), ~b, Ms, h belong, which is countable. 

Choose a real a ~, which belongs to (0,1) - cl(Up.) but does not belong to any 

Borel set of measure zero which belongs to N. This is possible as by demand (a~ 

in the definition of P((d ~ : a < 8)), cl(Up.) has measure < 1/2. So ( 0 , 1 ) -  cl(Up.~ 
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has positive measure, whereas the union of all measure zero Borel sets in N is a 

countable union hence has measure zero. So a~ is a random real over N and 

N[a ~] is a model of enough set theory: ZF-  + " ~ ( t o )  exists" (where ~ (A)  is the 

power set, ~"§ = ~ ( ~ "  (A))) (those facts are now well known; see Jech [1]). 

Clearly a ~ E  h((0, a~)) or a~E h((a~, 1)), so w.l.o.g, the former occurs. It is 

also clear that for every e > 0 ,  a ~ E  h ( ( a 2 - e , a ~ ) ) .  [Otherwise, choose a 

rational b, a ~ - e  <b <a~, then a ~ h ( ( a ~ - e , a ~ ) )  ~ a~Eh(O,b). Hence 

a ~ E  h(0, b ) - ( 0 ,  b), but this set has measure zero (by the properties of h) and 

obviously belong to N.] 

Now let (b, : n < to) E N[a~] be a strictly increasing sequence of rationals 

converging to a~. Now in N[a~] we define a forcing notion R (the well-known 

dominating function forcing): 

R = {(f, g) : f a function from some n < to to to, satisfying 

(Vi < n)f( i )> i; and g is a function from to to to}. 

The order is 

(f, g) <- (f', g') iff f C_ f', (Vl)g(l) <- g'(l) and 

(Vi)[i E D o m f '  A i ~  D o m f  ~ f'(i)>= g(i)]. 

Let f* be R-generic over N, so it is known that a finite change does not alter 

this property. We shall work for a while in the model N[a~][f*]. We define (in 

this model) a sequence of natural numbers (n(l):l<to),  defining n(l) by 

induction on I. Let  n ( 0 ) =  0, and n(l + 1)=  f*(n(l)). Now we define for m < 4 

and k < to a set A ~ : A L =  Uk<_t~ (bn(4l+m),bn(41+m+l)). 
So A ~ (m = 0, 1,2,3) is a partition of (b0, a~), hence for some unique m(*), 

a~ ~ h(A ~ (Note that A L E  N[a~[[f*], but h F N[a~][f*] does not necessar- 

ily belong to this model, so we determine m (*) in V.) As we could have made a 

finite change in f*  (replacing f*(0) by f*(n(m(*)))) we can assume a ~ E  Ao ~ 

As a ~ E h ((a ~ -  e, a ~)) for every e, and as h is a homomorphism, a ~ E h (A o k) 

for every k. 

As a first try let us choose d ~ = (b, ,) :  l < to)^(a~). 

STAGE E - -  CONDITION (A) OF (St). 

SUBCLAIM. Every predense subset ~ of P8 which belongs to Ms is a maximal 
antichain of P~+~. 

PROOF OF THE SUBCLAIM. Let  p E P8§ p ~ Ps, so by Ps.~'s definition there are 

q E P~ and rational numbers Co, cl and a natural number l(0) such that 
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0 < Co < a ~ < ca < 1, co < bn(41(o)), Co > bn(4t(o))-l, 

cl(Uq)n[co, c , ] = O ,  Up = uq U A ~ ' ~  '~ fp =fq  U0A,,o,U 1A~",. 

(0a is the funct ion with domain  A which has constant  value 0; similarly 1A.) 

FACT. Le t  r ~ P s ,  f l  C Pa be dense,  (co, q ) C ( 0 , 1 )  be an open  interval 

disjoint to U,. Then  

C = {x ~ (co, cl): there  is rl E fl, ra => r, x ~ cl(U,,)} 

has measure  I c l - Col. 

PROOF o r  THE FACX. The  conclusion is equivalent  to "(co, c~ ) -  C has measure  

ze ro" ,  so we can part i t ion (co, ca) into finitely many intervals and prove  the 

conclusion for  each of them. So w.l.o.g, the measure  of (Co, c,) is < 1/2. Now for  

every  e > 0 we can find ro, r =< ro E Ps, U,o n (Co, q )  = O and U,o has measure  

_-> 1/2 - e (but of course < 1/2). As f l  C P8 is dense,  there  is r2 E fl, ro =< r2 E P~. 

So (ignoring the sets c l ( U , , ) -  U,,, l = 0, 2 which have measure  zero)  

(i) (Co, q ) -  U, 2 _C C (by C 's  definition); 

(ii) (Co, cl) n U,2 C_ U,2 - U,o. 

Hence  

(iii) m ((Co, q )  - C)  =< m ((co, cl)  n U,~) <= m (U,~ - U,o) <= m (U,~) - m (U,o) 

=< 1/2 - (1/2 - e )  = e. 

As this holds for  every  e we finish the proof  of the fact. 

CONTINUATION OF THE PROOF OF THE SUBCLAIM. Let  fit  = {r E P~ : (3q l  ~o~)  

(q~ _-- r)}. Now for every  k > n(4/(0))  let 

Tk ={ t :  t ~ P s ,  U, is the union of finitely many  intervals whose 

endpoints  are f rom {bz : n ( 4 / ( 0 ) ) -  -< l < k} and m(Uq U U , ) <  

112}. 

So Tk is finite, and for every  t E Tk, q --<--- q U t E Ps, and a ~ ~ cl(U,). Now in 

the model  N we can define, for  each k, t E Tk, 

D, = {x E (0, 1): there  is r E ~a, r => q U t, x ~ cl(U,)}. 

By the fact we have proved,  we know that (0, 1) - D, - U, has measure  zero 

(note,  c l ( U , ) -  U, has measure  zero).  As a ~ E  (0, 1 ) -  U, and a~ does not  belong 

to any Bore l  set of measure  zero which belongs to N, clearly, 

(*) for  every  k ->_ n(4/(0))  and t E Tk, a ~ E  D,. 
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So for each k-> n(4l(0)) and t E T~, there is r, C_Ps, r, ~ such that 

a $ C cl(U,,). Hence for some g (t) < to, [bs,), a ~] D cl(U,,) = O and (a ~ - b~,)) < 
1/2 - m (U,,). As Tk is finite, we can define g : to --~ to, g(k) = Max{g(t) : t ~ Tk}. 

Clearly g E N[a~]. Hence for every large enough l, g(l) < f*(l) (see Stage D for 

f* 's  definition). So for every large enough l, g(n(l))< n(l +1).  Choose large 

enough l, let k = n(4I)+ 1, U, = Up ~[b,(4t(o}), bk], f, =fp t U,, t = (U,,f ,)  and it 
belongs to Tk. Now r,, p are compatible, so we finish the proof of the subclaim. 

This really proves part (A) of (St). 

STAGE F - -  CONDITION (B) OF (St). Remember  ~b is a P8 x Q-name of a Borel 

set, so it is also a P,§ • Q-name. Now let 

p~' = ( U  e. U A~ U A ~,fp. U 0a~ U 1A?). 

Clearly for k large enough p * ~ P~§ so p T ~ N[a ~] If*] and (p*, q *) => (p*, q *), 

so there is (p',r')>=(pT,q *) forcing an answer to " a ~ ' E B o [ ~ ] " ,  i.e. 
(p', r')l p~+k~-~o "a~  E B o [ ~ ] "  or (p', r ' ) l ~  " a ~  B o [ ~ ] " .  If the second pos- 

sibility holds, then (B2) holds, so condition (B) of (St) holds (remember we have 
made a,,E h(AJ) for every k in stage D). 

t t So suppose (p ,  r )I p~+t--a;:~,~o "a  ~ E Bo[ ~b ]". Observe that the truth value of such 
a statement can be computed in N[a~][f*] (i.e., we get the same result in the 

universe and in this countable model). But f* is R-generic over N[a~]. So if 

something holds, then there is (/co, go)~  R such that: 

(o0 (/to, go)II--~- "(p',  r ' ) I ~  "a  ~ ~ Bo[ ~ ] .... , 

(13) foC_f*, (Vi < t o ) [ i ~ D o m f o  ~ go(i)<=f*(i)]. 
(Note the definition of Ps+l depends on f*.) 

So if we can change f* in finitely many places, maintaining (13), it will still be 
true that (p', r ' ) l ~  " a ~ E B o [ r  But we can do it in such a way that for 
some k, 

Ak-A~o, A~=A~z, 2 - 

so now (B1) will hold. 

In any case (B) of (St) holds, hence we finish the proof of (St), hence we finish 
the proof of the main lemma and of the theorem. 
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